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1. INTRODUCTION

Polyelectrolytes are macromolecules with ionizable groups. In
aqueous solutions charged groups dissociate, leaving charges on
the chain and releasing counterions into solution. Common
polyelectrolytes include poly(acrylic acid) and poly(methacrylic
acid) and their salts, poly(styrenesulfonate), DNA, RNA, and
other polyacids and polybases.1�9

Polyelectrolytes play an important role in a diverse number of
fields ranging from materials science and colloids to biophysics.
These polymers are used as rheology modifiers, adsorbents,
coatings, biomedical implants, colloidal stabilizing agents, and
suspending agents for pharmaceutical delivery systems.

Electrostatic interactions between charges lead to the rich
behavior of these polymeric systems (see for review refs 1�5
and 7). For example, in salt-free polyelectrolyte solutions the
electrostatic interactions between charged groups on the poly-
mer backbone result in a strong chain elongation with chain size
scaling almost linearly with the chain degree of polymerization.
Because of this strong dependence of the chain size on the chain
degree of polymerization, the crossover to semidilute polyelec-
trolyte solution regime occurs at much low polymer concentra-
tions than in solutions of neutral polymers.1,5,6,8,10 The main
contribution to the osmotic pressure in polyelectrolyte solutions
comes from the ionic component.9,11�15 Polyelectrolyte con-
formations are sensitive to the solvent quality for the polymer
backbone. In poor solvent conditions for the polymer backbone a

polyelectrolyte chain forms an unusual necklace-like structure of
dense polymeric beads connected by strings of monomers.1,16�30

Similar necklace-like structure can be formed in hydrophobically
modified polyelectrolytes in which a hydrophobic side chains are
attached to the polyelectrolyte backbone.31

Addition of salt leads to screening of the electrostatic interac-
tions between ionized groups reducing the polyelectrolyte effect
(see for review refs 1 and 2). At high salt concentrations
properties of polyelectrolyte solutions are similar to those of
neutral polymers with effective second virial coefficient between
monomers which strength is determined by the salt concentra-
tion and by the fraction of the ionized groups along the poly-
mer backbone. While there is a significant number of experi-
mental studies of polyelectrolytes in salt solutions (see for review
refs 1, 2, and 6) the computational studies of the salt effect on the
properties of polyelectrolyte solutions are lagging behind.3,32�41

The computer simulations of the polyelectrolyte solutions in the
presence of salt were limited to investigation of the salt effect on
the single chain properties.33�37 The salt ions in these simula-
tions were taken into account either explicitly or implicitly by
modeling the screening effect of the salt ions by representing
the electrostatic interactions between charged monomers by the
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ABSTRACT:We present results of the molecular dynamics simulations of salt solutions of
polyelectrolyte chains with number of monomers N = 300. Polyelectrolyte solutions are
modeled as an ensemble of bead�spring chains of charged Lennard-Jones particles with
explicit counterions and salt ions. Our simulations show that in dilute and semidilute
polyelectrolyte solutions the electrostatic induced chain persistence length scales with the
solution ionic strength as I�1/2. This dependence of the chain persistence length is due to
counterion condensation on the polymer backbone. In dilute polyelectrolyte solutions the
chain size decreases with increasing the salt concentration as R� I�1/5. This is in agreement
with the scaling of the chain persistence length on the solution ionic strength, lp � I�1/2. In
semidilute solution regime at low salt concentrations the chain size decreases with increasing
polymer concentration, R � cp

�1/4, while at high salt concentrations we observed a weaker
dependence of the chain size on the solution ionic strength, R� I�1/8. Our simulations also
confirmed that the peak position in the polymer scattering function scales with the polymer
concentration in dilute polyelectrolyte solutions as cp

1/3. In semidilute polyelectrolyte solutions at low salt concentrations the
location of the peak in the scattering function shifts toward the large values of q* � cp

1/2 while at high salt concentrations the peak
location depends on the solution ionic strength as I�1/4. Analysis of the simulation data throughout the studied salt and polymer
concentration ranges shows that there exist general scaling relations between multiple quantities X(I) in salt solutions and
corresponding quantities X(I0) in salt-free solutions, X(I) = X(I0)(I/I0)

β. The exponent β = �1/2 for chain persistence length
lp, β = 1/4 for solution correlation length ξ, and β =�1/5 and β =�1/8 for chain size R in dilute and semidilute solution regimes,
respectively.
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Debye�Huckel potential. A comparison between simulations
with explicit and implicit salt ions was performed by Stevens and
Plimpton.41 Simulations with explicit salt ions35�37 were restricted
to a dilute solution regime where the intrachain electrostatic
interactions dominate over interchain ones and system behavior
can be judged from single chain simulations. The general conclusion
of these simulations was that the salt ions screen electrostatic
interactions, resulting in reduction of the chain size with increasing
the salt concentration. Unfortunately, the studied interval of salt
concentrations prevented identification of pure scaling regimes in
chain size dependence on the solution ionic strength.

In this paper we use molecular dynamics simulations to study
effect of the salt concentration on the polyelectrolyte solution
properties in dilute and semidilute solution regimes. We eluci-
dated the effect of salt concentration on the chain size, solution
correlation length, chain overlap concentration, counterion con-
densation on the polymer backbone, and solution pressure. To
establish the effect of the chain rigidity on the solution properties,
we have performed simulations of polyelectrolyte chains with
different bending rigidities.

2. MOLECULAR DYNAMICS SIMULATIONS

We performed molecular dynamics simulations42 of polyelec-
trolyte solutions in dilute and semidilute solution regimes in the
presence of salt. The simulation details are given in Appendix A,
belowwe briefly describe ourmodel. In our simulations we used a
coarse-grained representation of polyelectrolyte chains, counter-
ions, and salt ions.32,41,43,44 In this representation monomers and
small ions are modeled by the charged Lennard-Jones particles
with diameter σ. The value of the Lennard-Jones interaction
parameter εLJ for polymer�polymer pairs was set to 0.3 kBT (where
kB is the Boltzmann constant and T is the absolute temperature).
The selection of the parameters for the LJ interaction potential
between polymer�ion pairs corresponds to pure repulsive interac-
tions (see Appendix A for details). The connectivity of the mono-
mers into a polymer chain was maintained by the FENE potential.
To introduce a chain bending rigidity, we have imposed a bending
potential between neighboring along the polymer backbone bond
vectors. The value of the chain bending constant was set toK = 0, 3,
and 6. The chain degree of polymerization was equal toN = 300 for
all simulations. The solvent was treated implicitly as a medium with
the dielectric permittivity ε. All monomers on the polymer back-
bone were charged. This corresponds to the fraction of charged
monomers f=1.The electrostatic interactions between all charges in
a systemwere treated explicitly through theCoulombpotential. The
value of the Bjerrum length was lB = 1.0 σ, where lB = e2/εkBT is
defined as the length scale at which the Coulomb interaction
between two elementary charges, e, in a medium with the dielectric
constant, ε, is equal to the thermal energy, kBT. In our simulations
we varied the polymer concentration, cp, between 10�4 and 10�1

σ�3 and salt concentration, cs, between 5� 10�5 and 5� 10�2σ�3.
The simulations were performed in the NVT ensemble with
periodic boundary conditions. Amapping of coarse-grained parame-
ters onto real polymeric systems is given in Appendix A.

3. OVERLAP CONCENTRATION

We begin discussion of properties of polyelectrolyte solutions
by establishing location of the crossover between dilute and
semidilute solution regimes by determining a chain overlap con-
centration cp*.

45,46 In the dilute solution regime, cp < cp*, the
polyelectrolyte chains are separated from each other by average

distances D larger than their size. At such low polymer concentra-
tions the intrachain electrostatic interactions and interactions with
the surrounding polyelectrolyte chain ions determine the chain
conformations. At polymer concentrations higher than the overlap
concentration, cp > cp*, the interchain electrostatic interactions with
surrounding chains control chain conformations.

Figure 1 shows radial distribution of the monomer density
with respect to the chain center of mass along the line connecting
centers of mass of two neighboring polyelectrolyte chains. This
distribution function of the monomer density was obtained by
averaging the monomer density within spherical shells of size r and
thickness Δ = 2σ during the production run. The average distance
between chain centers of mass D was calculated by using a 3-D
tessellation procedure. This allowed us to determine the list of the
nearest-neighbor chains and to obtain distances between them
during simulation runs. These distances were averaged over all
system configurations. This analysis shows that the average distance
between chains is on the order of D ≈ (6N/πcp)

1/3. In semidilute
solution regime the monomer clouds surrounding chain center of
mass overlap (see Figure 1). With increasing the salt concentration
the monomer density distribution around the chain center of mass
shrinks, eventually leading to nonoverlappingmonomer clouds. The
overlap between monomer clouds begins at D ≈ 4ÆRg2æ1/2 where
the mean-square chain radius of gyration is defined as

ÆRg
2æ ¼ 1

N2
Æ ∑

N

i < j
ð rBi � rBjÞ2æ ð1Þ

rBi is the radius vectors of the ithmonomer on the polymer backbone
and average is calculated over all chain configurations. Note that at
these separations between chain centers of mass the average
monomer density in the overlapping region is less than 1% of the
maximum value of themonomer density. Thesemonomer densities
are lower than the density fluctuation values. At separations between
chains on the order of D ≈ 3ÆRg2æ1/2 the monomer density in the
overlap region is larger than the 5% of its maximum value and is

Figure 1. Monomer radial density distribution, F(r), with respect to
chain center of mass along the direction connecting centers of mass of two
neighboring chains located at r = 0 and r =D for fully charged polyelectrolyte
chains with the degree of polymerization N = 300, chain bending constant
K = 0, at polymer concentration cp = 10�3 σ�3 and at different salt concen-
trations: cs = 5� 10�5 σ�3 (black bars), cs = 5� 10�4 σ�3 (red bars), cs =
5 � 10�3 σ�3 (gray bars), and cs = 5 � 10�2 σ�3 (magenta bars).
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larger than the density fluctuations. We selected polymer concen-
tration at which the distance between chain’s center of mass
D ≈ 3ÆRg2æ1/2 as a crossover polymer concentration to the semi-
dilute solution regime cp*. Note that this selection is not unique. For
example, one can determine the chain overlap concentration as
concentration at which the distance between chains D is on the
order of the square-root of the mean square end-to-end distance,
D≈ (ÆRe2æ)1/2. This will lead to a different numerical coefficient in
the expression for an overlap concentration as a function of the chain
degree of polymerization.

In Figure 2, we plot dependence of the mean-square value of
the chain radius of gyration on the salt concentration cs for
polymer concentration cp varied between 10

�4 and 0.1 σ�3. The
horizontal lines on this figure correspond to the following
equation D2/9 ≈ (2/9π)2/3cp

�2/3. At overlap concentration
the polymer density is on the order of

cp � cp� � 2N

9πÆRg
2æ3=2

ð2Þ

It follows from this plot that for our lowest polymer concentration cp
= 10�4σ�3 the system is just below the chain overlap concentration.
For polymer concentration cp = 10

�3 σ�3 the salt-free solution and
salt solutions with cs < 10

�3 σ�3 are in a semidilute solution regime
while polyelectrolyte solutions with cs > 10�3 σ�3 are in a dilute
solution regime. Polyelectrolyte solutions with polymer concentra-
tions cp > 10

�3σ�3 are in semidilute solution regime throughout the
entire interval of the salt concentrations studied in our simulations.
Figure 3 shows location of the dilute and semidilute solution
regimes as a function of the polymer and salt concentrations.

Note that with increasing a chain bending constant K the size
of the polyelectrolyte chain increases. The analysis of the
simulation data for K = 3 and 6 shows that all these systems
show a slightly narrower interval of polymer and salt concentra-
tions corresponding to a dilute solution regime.

4. SYSTEM PRESSURE AND OSMOTICALLY ACTIVE
COUNTERIONS

In polyelectrolyte solutions the pressure is dominated by
contribution from small ions.1�7,15,47,48 Figure 4 shows dependence
of the system pressure P on the salt concentration at different
polymer concentrations. At low salt concentrations the system
pressure has a plateau. The magnitude of the plateau shifts toward
larger pressure values with increasing the polymer concentration. At
high salt concentrations, 2cs > cp, the system pressure is a linear
function of the salt concentration, indicating that it is controlled by
the pressure generated by salt ions. For systems with polymer
concentrations cp < 5 � 10�2 σ�3 in the high salt concentration
regime the pressure curves approach those obtained from simula-
tions of the polymer-free systems. The crossover between high and
low salt concentration regimes shifts toward high salt concentrations
with increasing the polymer concentration and occurs when the

Figure 2. Dependence of the mean-square radius of gyration ÆRg2æ on
salt concentration for fully charged polyelectrolyte chains with the degree of
polymerizationN = 300, chain bending constantK = 0 at different polymer
concentrations: cp = 10

�4 σ�3 (open circles), cp =10
�3 σ�3 (filled circles),

cp = 5 � 10�3 σ�3 (half-filled circles, right), cp = 10�2 σ�3 (half-filled
circles, left), cp = 5� 10�2 σ�3 (half-filled circles, top), and cp = 10

�1 σ�3

(half-filled circles, bottom). Inset shows location of the overlap concentra-
tion evaluated from ÆRg2æ = D2/9, which separates dilute and semidilute
solution regimes for two polymer concentrations cp = 10�4 σ�3 (dashed
line) and cp = 10�3 σ�3 (solid line).

Figure 3. Diagram of different solution regimes. Filled symbols corre-
spond to semidilute solution regime, and open symbols show dilute
solution regime.

Figure 4. Dependence of the system pressure P on salt concentra-
tion for fully charged polyelectrolyte chains with the degree of poly-
merization N = 300, different values of the chain bending constants:
K = 0 (black circles), K = 3 (green squares), and K = 6 (blue rhombs);
and at different polymer concentrations. Black triangles with solid
line show pressure dependence on salt concentration in polymer-
free systems.
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salt concentration becomes on the order of half of the polymer
concentration, cP/2. It also follows from Figure 4 that the data sets
are shifted by a factor which magnitude depends on polymer
concentration. To establish a shift factor, we plot dependence of
the osmotic coefficient

f ¼ f� ¼ P
kBTcp

ð3Þ

in salt-free solutions (cs = 0) on polymer concentration cp (see
Figure 5). Note that only in salt-free solutions the system pressure is
equivalent to the osmotic pressure of the system. The value of the
osmotic coefficient in salt-free solutions is equal to the faction f * of
the osmotically active counterions.1,5,13,15,47 In some publications
the osmotically active counterions are referred to as “free” counter-
ions that can explore the system volume and provide contribution to
the system pressure (see for review ref 1). One can also think of the
fraction of osmotically active counterions f * as a counterion activity
coefficient. At polymer concentrations cp < 10

�2 σ�3 the fraction of
the osmotically active counterions f * is constant. It begins to
increase with increasing the polymer concentration for cp > 10�2

σ�3. At polymer concentration cp = 0.1 σ
�3 the value of f * is larger

than unity, indicating that the polymeric part of the system pressure
start to provide a sizable contribution to the systempressure (see for
details refs 1 and 15).

Following ref 15 we can explain results of Figure 5 by using
Katchalsky’s cell model.49,50 In the framework of this ap-
proach each polyelectrolyte chain locally is approximated
by a rod surrounded by a cylindrical cell with size Rcell (see
inset in Figure 5). The distribution of electrostatic potential
throughout the cell is obtained by solving nonlinear Poisson�
Boltzmann equation (see for details refs 1 and 15). According
to Katchalsky’s cell model, the value of the osmotic coefficient
is equal to

fcell ¼
1 + R2

2γ0
ð4Þ

where parameter R satisfies the following nonlinear equation

tan 2R log
Rcell

σ

� �� �
¼ 2ð2fcell � 1ÞR

ð2fcell � 1Þ2 � R2
ð5Þ

and parameter γ0 is equal to the ratio of the Bjerrum length lB to the
projection distance between chargedmonomers dc on the local chain
orientation direction, γ0 = lB/dc. The parameter γ0 is also known as
Manning�Oosawa counterion condensation parameter.1 The criti-
cal value of the parameter γ0

crit = log(Rcell/σ)/(1 + log(Rcell/σ))
determines a counterion condensation threshold. At γ0 = γ0

crit the
value of the parameter R is equal to zero. Equations 4 and 5 can
be used to find values of the parametersR and γ0 as a function of the
system osmotic coefficientf and cell sizeRcell. Note that the cell size
Rcell is related to the polymer concentration cp and Manning�
Oosawa parameter γ0. The monomer concentration within a
cylindrical cell is on the order of cp≈ (πRcell

2dc)
�1≈ (γ0/πRcell

2lB).
Solving it for Rcell, we can derive an expression for the cell size in
terms of the polymer concentration cp and Manning�Oosawa
parameter γ0, Rcell ≈ (γ0/πlBcp)

1/2. The dashed line in Figure 5
corresponds to the boundary of the counterion condensation regime
(or saturated condensation regime in classification of refs 1 and 15),
γ0 =γ0

crit, whichwas obtained by substituting into eq 4R= 0,γ0 =γ0
crit

and solving numerically the resultant nonlinear equation. As one can
see, all our data points are inside the counterion condensation regime.

Solving eqs 4 and 5 for the values of the osmotic coefficient in
the plateau regime, we obtain for average values ofγ0≈ 1.55 (K= 0),
γ0 ≈ 1.41 (K = 3), and γ0 ≈ 1.31 (K = 6). The value of the
Manning�Oosawa counterion condensation parameterγ0 increases
with decreasing the chain bending rigidityK, indicating crumpling of
more flexible chains at short length scales. This is manifested in
shorter projection distances between charged monomers for flexible
chains dc ≈ 0.65σ (K = 0) in comparison with that for our stiffest
chains with K = 6, dc ≈ 0.77σ.

With increasing the polymer concentration the distance
between chains, Rcell, decreases, leading to increase of the value of
the parameter R. This leads to increase of the value of the osmotic
coefficient seen in Figure 5. The detailed comparison of the
predictions of the Katchalsky’s cell model with the results of the
computer simulations of flexible and rodlike chains in salt-free
solutions is given in ref 15. This analysis showed that the polymeric
contribution begins to influence the system osmotic pressure at
polymer concentrations cp > 0.05 σ�3. In this concentration range
the osmotic coefficient exceeds unity. The same trend is seen for our
simulation data. Thus, to minimize polymeric contribution to the
counterion activity coefficient, we only included data with cpe 0.05
σ�3 for our scaling analysis below.

It alsoworthpointing out that at salt concentration cs = 0.05σ
�3 in

the polymer-free case the system pressure is about 20% higher than
onewould expect from the ideal gas contributionof the salt ions. This
points out that in addition to polymeric effects at high concentrations
of polymers and salt ions the excluded volume interactions can also
be an important factor leading in increase of the system pressure.15,48

At finite salt concentrations we can define a fraction of the
osmotically active counterions or counterion activity coefficient as

f� ¼ P� 2kBTcs
kBTcp

ð6Þ

It is important to point out that the definition of the fraction of
osmotically active counterions given by eq 6 is only warranted in the
concentration range where the pressure of the polyelectrolyte
solutions is dominated by the linear terms in the virial expansion.

Figure 5. Dependence of the osmotic coefficient f on polymer con-
centration in salt-free solutions of fully charged polyelectrolyte chains
with the degree of polymerization N = 300 and different values of the
chain bending constants: K = 0 (black circles), K = 3 (green squares),
and K = 6 (blue rhombs). The dashed line shows the boundary of the
counterion condensation regime of the Katchalsky’s cell model (see text
for details). Inset shows a schematic representation of a chain in the
Katchalsky’s cell model.
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Analysis of the pressure data shows that we can represent the
fraction of the condensed counterions (osmotically inactive coun-
terions) 1 � f* in terms of the ratio of the Debye screening length

rD
�2 � rD

�2ðcp, csÞ ¼ 4πlBðf�cp + 2csÞ ð7Þ
to the average bond length b (see Figure 6). Note that in definition
of the Debye screening length we only included osmotically active
counterions by multiplying counterion concentration by activity
coefficient, f *. All data sets in Figure 6 have initial linear increase
followed by saturation regime in the limit of large rD/b ratios. Flexible
chains with K = 0 have the highest value of the fraction of the
condensed counterions 1� f * in the plateau regime. This is in agree-
mentwith our observation that the flexible chains aremore crumpled
at short length scales in comparison with the chains having a finite K
value. The simulation data points can be fitted by a function

1� f� ¼ A½1� expð�BðrDðcp, csÞ=b� 1ÞÞ� ð8Þ
Using estimated values of the fraction f * of the osmotically active
counterions, we can collapse all data sets shown in Figure 4 into one
universal plot. At low polymer and salt concentrations the system
pressure is dominated by ideal gas-like contribution fromosmotically
active counterions and salt ions

PðIÞ � kBTðf�cp + 2csÞ � PðI0Þ
f�cp + 2cs

f �0 cp

 !

� PðI0Þ II0 ð9Þ

where P(I0) ≈ kBTcpf0* is a pressure in a salt-free solution, f0* is the
fraction of osmotically active counterions in a salt-free solution

I � Iðcp, csÞ ¼ f�cp + 2cs ð10Þ
is the solution ionic strength, and I0 is the solution ionic strength in
salt-free solutions. Thus, one can conclude that the system pressure
is a universal function of the ratio of the solution ionic strengths.

In Figure 7 we plot reduced value of the system pressure P(I)/P(I0)
as a function of the ratio of the solution ionic strengths. For this plot
we excluded data points corresponding to the highest polymer con-
centration cp = 0.1 σ�3 and points corresponding to salt concentra-
tion cs = 0.05 σ�3 (see discussion above).

Since the salt ions and osmotically active counterions control
screening of the electrostatic interactions between charged
monomers on the polymer backbone, one can expect a more
general scaling relation between a quantity X(I) in salt solutions
and that in a salt-free solution X(I0)

XðIÞ � XðI0Þ I
I0

� �β

ð11Þ

where β is a scaling exponent. It is important to point out that in
the concentration range where f * ≈ f0* eq 11 reduces to the well-
known scaling relation X(I) ≈ X(I0)(1 + 2cs/f *cp)

β (see for review
refs 1 and 5). The invariance of the fraction of the condensed
counterions, 1� f *, with solution ionic strength (plateau regime in
Figure 6) was used for analysis of the experimental data on solution
osmotic pressure,1 solution viscosity,1 chain’s relaxation time,1 force
acting on the DNA during pore translocation,51 and swelling of the
DNA molecule in dilute solutions.52 A new feature observed in our
simulations is the decrease of the fraction of the condensed
counterions at high ionic strengths.We hope that future experiments
will test our observation.

The scaling relationships in dilute and semidilute polyelec-
trolyte solutions are discussed in details in the following sections.

5. DILUTE POLYELECTROLYTE SOLUTIONS

5.1. Chain Persistence Length. In dilute polyelectrolyte
solutions the electrostatic interactions are screened at the length
scales larger than the Debye screening length, rD. The total effect
of the electrostatic interactions on the chain’s conformations is
reduced to the local chain stiffening which is manifested in
renormalization of the chain’s persistence length (known as the

Figure 6. Dependence of fraction 1� f* of the condensed counterions
on the ratio of the Debye screening length to the bond length, rD/b, for
polyelectrolyte solutions of chains with K = 0 (black circles), K = 3
(green squares), andK = 6 (blue rhombs). The solid lines are the best fit
to eq 8 with the values of the fitting parameters: A = 0.566, B = 1.26 for
K = 0, A = 0.532, B = 0.937 for K = 3, and A = 0.498, B = 0.710 for K = 6.
The data points correspond to polymer concentrations cp e 0.05 σ�3

and salt concentrations cs < 0.05 σ�3.

Figure 7. Dependence of the reduced pressure P(I)/P(I0) on the ratio
of the ionic strengths I/I0 for fully charged polyelectrolyte chains with
the degree of polymerization N = 300 at polymer concentrations: cp =
10�4 σ�3 (open symbols), cp = 5.0 � 10�4 σ�3 (half-filled symbols,
hourglass), cp =10

�3 σ�3 (filled symbols), cp = 5.0 � 10�3 σ�3 (half-
filled symbols, right), cp = 10�2 σ�3 (half-filled symbols, left), and cp =
5.0 � 10�2 σ�3 (half-filled symbols, top), and different values of the
chain bending constants: K = 0 (black circles), K = 3 (green squares),
and K = 6 (blue rhombs).
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electrostatic persistence length53�55) and to the additional chain
swelling which is due to interactions between remote along the
polymer backbone charges.52,55�59 We begin discussion of the
effect of the salt on chain conformations in dilute polyelectrolyte
solutions by analyzing orientational correlations between unit
bond vectors along the polymer backbone.
The bond�bond correlation function describing decay of the

orientational memory along the polymer backbone between unit
bond vectors nBs and nBs+l pointing along the chain bonds and
separated by l-bonds is defined as

GðlÞ ¼ 1
Nb � l ∑

Nb � l � 1

s¼ 0
Æð nBs 3 nBs+lÞæ ð12Þ

where Nb is the number of bonds in polyelectrolyte chain, Nb =
N � 1, and brackets Ææ denote averaging over chain conforma-
tions. Tominimize the end effects in obtaining the average values
of the bond�bond correlation function, we have only considered
200 bonds in the middle of the chain during an averaging
procedure. Figure 8 shows evolution of the bond�bond correla-
tion function with salt concentration in dilute solution regime.
To extract information about chain bending rigidity, we fitted our
simulation data by combination of two exponential functions

GðlÞ ¼ ð1� βwÞ exp �jlj
λ1

� �
+ βw exp �jlj

λ2

� �
ð13Þ

This form of the bond�bond correlation function indicates that
there are two different characteristic length scales λ1 and λ2 that
control bending rigidity of a polyelectrolyte chain at long and
short length scales respectively (see for details ref 60 ). The
values of the parameters λ1 describing the chain orientational
correlations at long length scales are always large such that we can
expand eq 13 in the power series of l/λ1. This results in the
following modification of the eq 13

GðlÞ � 1� ð1� βwÞ
jlj
λ1

+ βw exp �jlj
λ2

� �
� 1

� �
ð14Þ

Note that the second term in the right-hand side of this equation has
a form characteristic of a semiflexible chain under tension. We can
introduce an effective chain bending constant λe and effective

dimensionless force fe by setting (λe/fe)
1/2 = λ2 and (λefe)

1/2 =
βw
�1. The effective chain bending rigidity at short length scales is

equal to λe = λ2/βw and the effective force is defined as fe = 1/λ2βw.
Thus, the first term in the right-hand side of eq 13 describes long-
length scale bond�bond orientational correlations while the second
one characterizes chain tension at short-length scales.
This approach works well for polyelectrolyte chains with

bending constants K = 3 and 6. However, for flexible chains with
K = 0, eq 13 fails to fit simulation data at short length scales due to
fast decay of the orientational memory between bond vectors
separated by several bonds. To minimize effect of the short-length
scale orientational fluctuations, we applied a coarse-graining proce-
dure by grouping original bonds and representing a chain by a set of
the end-to-end vectors bBg of the bond groups consisting of ng bonds
each (see inset in Figure 9). One can think of this coarse-graining
procedure as representation of the chain in terms of the electrostatic
blobs and treating electrostatic blobs as neweffectivemonomers. The
optimal number of bonds ng for this coarse- graining procedure was
found self-consistently by minimizing the difference between the
simulation data and eq 10. The effective bond length of the group of
ng bonds was calculated as be = Æ|bBg|æ.
The results of the fitting procedure of the bond�bond

correlation function are shown in Figure 10. As one can see
from the plot, the value of the chain’s bending constant λe is
almost independent of the Debye screening length for polyelec-
trolyte chains with the bending constants equal to K = 3 and
K = 6. However, it decreases with decreasing the value of the
Debye screening length for chains with K = 0. The decrease in
the effective chain bending constant λe is due to decrease in the
number of bonds in the coarse-grained unit from 3 at low salt
concentrations to 2 at high salt concentrations. The long-length
scale bending constant (correlation length) λ1 increases linearly
with increasing the value of the Debye radius. For the large values
of the Debye screening length the parameter λ1 is a universal
function of the Debye screening length and is independent of the
initial value of the chain’s bending constant K. It is important
to point out that the linear scaling of the chain bending con-
stant λ1 on the Debye screening length is qualitatively dif-
ferent from a quadratic dependence observed for semiflexible

Figure 8. Bond�bond correlation function G(l) for fully charged
polyelectrolyte chains with the degree of polymerization N = 300 and
chain bending constant K = 3 at polymer concentration cp = 10�4 σ�3

and different salt concentrations.

Figure 9. Bond�bond correlation function ~G(~l) of coarse-grained
chains with fraction of charged monomers f = 1, degree of polymeriza-
tion N = 300, and chain bending constant K = 0 at polymer concentra-
tion cp = 10�4 σ�3 and at different salt concentrations. Inset illustrates a
coarse-graining procedure for ng = 3.
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polyelectrolyte chains interacting via the screened Debye�
Huckel potential.53�55,60�63 At low salt and polymer concentrations
the data points for λ1 begin to deviate from a straight line. This
deviation is due to a finite size effect. The number of charged pairs
contributing to stiffening of a chain at the length scales smaller than
or on the order of theDebye screening length saturates as theDebye
screening length becomes comparable with the chain size.
The linear dependence of the bending constant λ1 is weaker

than expected for the electrostatic induced chain bending rigidity. In
accordance with the Odijk�Sckolnik�Fixman (OSF) theory53,54 a
chain bending constant is equal to the sum of the chain’s bare
bending constant K and electrostatic induced chain bending con-
stant Kpe

λ1 � K + Kpe � K + C
lB
b

f�rD
b

� �2

ð15Þ

where C is a numerical constant equal to 1/4 in the original OSF
theory. Computer simulations of polyelectrolyte chains interacting
through the screened Debye�Huckel potential show a slightly
larger value of a numerical constant C = 0.264.60 In the case of the
coarse-grained polyelectrolyte chain consisting of coarse-grained
units each having ng bonds and effective bond length be, we have to
substitute in eq 15 the bond length b by the effective bond length be,
b f be, and effective monomer valence f * by that of the coarse
grained unit f *ng, f *f f *ng. (Here and below we assume that the
effective fraction of charged monomers is equal to the fraction of
the osmotically active counterions. In reality, they are different by a
numerical coefficient.)
It follows from eq 15 that the electrostatic contribution to the

chain bending constant should demonstrate a quadratic depen-
dence on the Debye screening length or be inversely propor-
tional to the solution ionic strength, λ1 � 1/I. However, this
scaling behavior is only correct if the effective fraction of the
charged monomers on the polymer backbone f * is concentra-
tion-independent, and electrostatic interactions between charged
monomers can be approximated by the Debye�Huckel potential.

It follows from our Figure 6 that the fraction f * of the osmotically
active counterions increases with decreasing the Debye screening
length rD (increasing the solution ionic strength, I). This indicates
that the weaker dependence of the chain bending constant λ1 on the
solution ionic strength, λ1 � 1/

√
I, could be due to counterion

condensation on the polymer backbone.
To test this hypothesis in Figure 11, we plot dependence of the

reduced value of the electrostatic contribution to the chain bending
constant Kpebe/lB as a function of the parameter (f *rD/~b), where ~b
and be were equal to b for chainswith bending constantsK=3 and 6,
and ~b = be/ng for flexible chains with K = 0. (The parameter
(f *rD/~b) is a ratio of the Debye screening length rD to the distance
between uncompensated (osmotically active) charged monomers
along the polymer backbone, ~b/f*.) In Figure 11, one can clearly
identify two different scaling regimes. In the range of small values of
the parameter (f *rD/~b), when the Debye screening length is only
marginally larger than the distance between uncompensated charges
along the polymer backbone, the reduced value of the electrostatic
bending constant Kpe demonstrate quadratic dependence on the
value of parameter (f *rD/~b) (see eq 15). Unfortunately, the errors
in the data and the covered range of parameters did not allow us to
drawadefinite conclusion that theobserveddiscrepancy inFigure 11
is only due to counterion condensation. Another factor that can
result in a weaker concentration dependence of the electrostatic
contribution to the chain’s bending constant is the nonuniform
distribution of the ions around a polymer backbone. There is an
excess of positive ions near the polymer backbone due to lower value
of the electrostatic potential. This leads to a better screening of the
polymeric charge which in turn could lead to a weaker dependence
of the chain bending rigidity on the solution ionic strength.
Note that in the original OSF calculations it was assumed that
charges on a chain interact through a screened electrostatic
(Debye�Huckel) potential. However, this approximation is
only correct if polymeric charge results in a weak perturbation
of the uniform ion distribution, and it breaks down in the case
of strong electrostatic interactions. It is interesting to point
out that the weaker than quadratic dependence of the chain

Figure 10. Dependence of the bending rigidities λe and λ1 on the ratio
rD/be (where effective bond length be was set to b for chains with the
bending constants K = 3 and 6) for fully charged polyelectrolyte chains
with the degree of polymerization N = 300 in dilute polyelectrolyte
solutions at polymer concentrations: cp = 10

�4 σ�3 (open symbols), cp =
5.0 � 10�4 σ�3 (half-filled symbols, hourglass), cp =10

�3 σ�3 (filled
symbols), cp = 5.0� 10�3 σ�3 (half-filled symbols, right), and different
values of the chain bending constants:K = 0 (black circles), K = 3 (green
squares), and K = 6 (blue rhombs).

Figure 11. Dependence of the normalized value of the electrostatic
bending constant Kpebe/lB on the parameter f *rD/~b in dilute polyelec-
trolyte solutions of chains with the degree of polymerization N = 300 at
polymer concentrations: cp = 10

�4 σ�3 (open symbols), cp = 5.0� 10�4

σ�3 (half-filled symbols, hourglass), cp =10�3 σ�3 (filled symbols),
cp = 5.0 � 10�3 σ�3 (half-filled symbols, right), and different values of
the chain bending constants:K = 0 (black circles),K = 3 (green squares),
and K = 6 (blue rhombs).
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persistence length on the Debye screening length was also
reported by Le Bret64 and Fixman.61 They studied contribu-
tions from nonlinear effects in ion and electrostatic potential
distributions around a charged chain to a persistence length.
In the range of parameters where (f *rD/~b) is larger than unity

the reduced electrostatic bending constant, Kpebe/lB, scales
linearly withmagnitude of the parameter (f *rD/~b). This interval
of the Debye screening lengths corresponds to low salt con-
centrations where screening of the polymeric charge is con-
trolled by counterions. Also in this salt concentration regime
the fraction of the condensed counterion is almost constant
(see Figure 6).
In order to obtain a persistence length of a chain which

orientational memory correlations are described by a bond�bond
correlation function given by eq 13, we have to calculate the mean-
square value of the chain end-to-end distance, Æ~Re

2æ. The calculations
are similar to those used for calculation of the mean-square value of
the end-to-end distance of a chain with a fixed bond angle (see for
details ref 45) and are reduced to summations of the geometric series.
In the large Nb approximation such that both Nb/λ1 and Nb/λ2 are
larger than unity one can show that

Æ~Re
2æ � Nbb

2ðð1� βwÞhðλ1Þ + βwhðλ2ÞÞ ð16Þ
where we introduced function h(x)

hðxÞ ¼ ð1 + expð�x�1ÞÞ=ð1� expð�x�1ÞÞ ð17Þ
A chain persistence length lp is defined as

lp ¼ Æ~Re
2æ

2Nbb
� b

2
ðð1� βwÞhðλ1Þ + βwhðλ2ÞÞ ð18Þ

Note that in the limit when the chain long-range bending constant
λ1. λ2 eq 18 canbe simplified and rewritten as lp≈ b(1�βw)λ1. In
this regime the chain persistence length is determined by the value of
the long-range correlation length (bending constant) λ1.
In Figure 12, we show dependence of the chain persistence

length lp, calculated by using eq 18, on the solution ionic strength.
The chain persistence length decreases with increasing the
solution ionic strength as lp � 1/

√
I . The deviation from the

scaling regime occurs at low solution ionic strengths corre-
sponding to salt-free solutions where only counterions are
contributing to the screening of the polymer charge and
Debye screening length becomes comparable with a chain
size. Thus, in the high salt concentration regime where the
screening of the electrostatic interactions is dominated by the
salt ions, persistence length scales linearly with the Debye
screening length. In the next section we will show how this
scaling dependence of the chain persistence length manifests
itself in the concentration dependence of the chain size in
dilute polyelectrolyte solutions.
5.2. Chain Size. In addition to renormalization of the chain

persistence length, the electrostatic interactions between
charged monomers also result in chain swelling. This hap-
pens due to electrostatic repulsion between remote along the
polymer backbone charged monomers. The scaling analysis
of the salt effect on the polyelectrolyte chain size can be done
by using a Flory-like approach by optimizing the elastic and
monomer�monomer interaction contributions to the free
energy of a chain with size R

F
kBT

� R2

blpN
+
BelN2

R3
ð19Þ

where lp is the chain persistence length which includes electrostatic
contributions (see previous section) andBel is the electrostatic second
virial coefficient. In the case of the strong electrostatic interactions,
when the energy of electrostatic repulsion, U(g) � kBT(lBg

2/rD)
between g charges within the Debye screening length, g � f *rD/b, is
much larger than the thermal energy U(g) . kBT (or uf*2 > b/rD),
the connectivity of the charged monomers into a chain plays an
important role. This is manifested in appearance of the correla-
tion hole with size on the order of the Debye screening length
surrounding the polymer backbone. The electrostatic second virial
coefficient between chargedmonomers is estimated as (see for details
refs 52 and 56)

Bel � b2rD ð20Þ
Minimizing eq 19 with respect to a chain size R, we obtain

R � bðlprD=b2Þ1=5N3=5 � N3=5rD
2=5 ð21Þ

In rewriting eq 21, we took into account the linear relationship
between chain’s persistence length and the Debye screening
length, lp � I�1/2 � rD (see Figure 12). It follows from eq 21
that the chain size decreases with solution ionic strength as
R � I�1/5. Figure 13 shows dependence of the mean-square value
of the chain radius of gyration ÆRg2æ on the solution ionic strength.
Our simulation data confirm scaling dependence ÆRg2æ � I�2/5,
which is expected at high salt concentrations (see eq 21). The inset
in Figure 13 shows dependence of the normalized value of the
mean-square value of the chain radius of gyration on the ratio of
the solution ionic strengths.

ÆRg
2ðIÞæ

ÆRg
2ðI0Þæ �

I
I0

� ��2=5

ð22Þ

All data points have collapsed into one universal line confirm-
ing the validity of the scaling assumption. Note that observed
dependence of the chain size on the solution ionic strength

Figure 12. Dependence of the chain persistence length lp on the solution
ionic strength in dilute polyelectrolyte solutions of chains with the
degree of polymerization N = 300 at polymer concentrations cp =
10�4 σ�3 (open symbols), cp = 5.0 � 10�4 σ�3 (half-filled symbols,
hourglass), cp =10

�3 σ�3 (filled symbols), cp = 5.0� 10�3 σ�3 (half-
filled symbols, right), and different values of the chain bending
constants K = 0 (black circles), K = 3 (green squares), and K = 6
(blue rhombs). Dashed line shows dependence of the Debye screen-
ing length, rD, on the solution ionic strength.
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ÆRg2æ � I�2/5 is weaker than one observed in simulations of
polyelectrolyte chains interacting through the screened Debye�
Huckel potential, ÆRg2æ � I�3/5.55,62 The main reason for
discrepancy between simulations is the counterion condensation
on the polymer backbone which weakens dependence the chain
persistence length on the solution ionic strength.
Using scaling relation for a chain size eq 22, we can obtain

dependence of the chain overlap concentration cp* on the
solution ionic strength. The overlap concentration cp* is defined
as concentration at which the average concentration in a solution
is equal to the monomer concentration inside polymer coil

c
�
p � N

RðIÞ3 � N

RðI0Þ3
Iðc�p, csÞ
Iðc�p, 0Þ

 !3=5

ð23Þ

At low salt concentrations (f *cp . 2cs) eq 23 reduces to the
expression for overlap concentration of rodlike polyelectrolyte
chains (R�N) in a salt-free solution cp*�N�2. However, at high
salt concentrations (f *cp, 2cs) one obtains cp*� cs

3/5N�4/5, with
the same scaling dependence on the chain degree of polymeri-
zation N as in the case of neutral polymers in a good solvent for
the polymer backbone.
5.3. Scattering Function and Chain Form Factor in Dilute

Solutions. Information about chain structure in dilute solutions
can be obtained from scattering experiments. The scattering
intensity I(qB)at given scattering wavevector qB is proportional to
the scattering function S(qB)

Sð qBÞ � 1
Nm

∑
Nm

j, k¼ 1
Æexpð�ið qB 3 ð rBj � rBkÞÞÞæ ð24Þ

whereNm =NchN is the total number ofmonomers in a system, rBj

is the position of the jth monomer and brackets Æ...æ denote an
ensemble average. In isotropic system the scattering function
only depends on the magnitude of the scattering vector q. One of

the characteristic features of the polyelectrolyte solutions is the
presence of the peak in a scattering function (see next section and
Appendix B for details). This peak appears due to suppression of
the polymer density fluctuations by the requirement of the
charge neutrality. In the dilute polyelectrolyte solutions the peak
is located at wavenumbers q* � 1/D � cp

1/3 and is independent
of the salt concentration (see Figure 14).65,66,9

At wave vectors q larger than the inverse distance between
chains 1/D the scattering function S(q) is proportional to the
chain form factor P(q)

SðqÞ ¼ NPðqÞ ð25Þ
where the chain form factor is defined as follows:

Pð qBÞ � 1
N2 ∑

N

j, k¼ 1
Æexpð�ið qB 3 ð rBj � rBkÞÞÞæ

¼ 1
N2 ∑

N

j, k¼ 1

sinðqj rBj � rBkjÞ
qj rBj � rBkj

* +
ð26Þ

The summation in eq 26 is performed over all pairs of monomers
j and k, and averaging is performed over chain’s configurations.
At these length scales each chain is contributing independently to
the total system scattering intensity. The chain form factor has
the following asymptotic forms

PðqÞ � 1� q2ÆRg
2æ=3, for q

ffiffiffiffiffiffiffiffiffiffi
ÆRg

2æ
p

> 1

ðqbÞ�df , for 1=
ffiffiffiffiffiffiffiffiffiffi
ÆRg

2æ
p

< q < 1=b

8<
: ð27aÞ

where df is a fractal dimension of a chain at the length scales l ∼
1/q. For a rodlike chain conformations df = 1.
In Figure 15a, we show evolution of the chain form factor P(q)

with the solution ionic strength in dilute polyelectrolyte solu-
tions. At high q values all curves collapse, indicating that at
short length scales chain are stretched with P(q) � 1/q.
Experimentally, the chain form factor P(q) is used to evaluate
a chain persistence length67�69 by fitting experimental data

Figure 13. Dependence of the mean-square radius of gyration ÆRg2æ on
the solution ionic strength in dilute polyelectrolyte solutions of chains
with the degree of polymerization N = 300 at polymer concentrations
cp = 10

�4 σ�3 (open symbols), cp = 5.0� 10�4 σ�3 (half-filled symbols,
hourglass), cp = 10�3 σ�3 (filled symbols), and different values of the
chain bending constantsK = 0 (black circles),K = 3 (green squares), and
K = 6 (blue rhombs). Inset shows dependence of the reduced value of
mean-square radius of gyration ÆRg2(I)æ/ÆRg2(I0)æ on the ratio of the
solution ionic strengths I/I0.

Figure 14. Dependence of 2π/q* on polymer concentration cp in dilute
polyelectrolyte solutions of chains with the degree of polymerizationN =
300 at polymer concentrations cp = 10

�4 σ�3 (open symbols), cp = 5.0�
10�4 σ�3 (half-filled symbols, hourglass), cp =10

�3 σ�3 (filled symbols),
and different values of the chain bending constants K = 0 (black circles),
K = 3 (green squares), and K = 6 (blue rhombs).
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points by the function

PðxÞ ¼ 2
expð�xÞ + x� 1

x2
+
2lp
bN

4
15

+
7
15x

� 11
15

+
7
15x

� �
expð�xÞ

� �
ð27bÞ

where parameter x = q2blpN/3. Figure 15b shows the results of
the fitting procedure of the simulation data to eq 27b. The
values of the fitting parameters are listed in Table 1 together
with values of the persistence length evaluated from the
bond�bond correlation function. As one can see from the
Figure 15b, the agreement between eq 27b and simulation
data is reasonably good at high salt concentrations. At low salt
concentrations eq 27b completely misses the data points in
the interval of large q values. Also, it follows from the Table 1
that the values of the chain persistence length obtained from
the fitting procedure are always smaller than ones obtained
from the analysis of the bond�bond correlation function. The
main reason for the discrepancy is the assumption of the

single-exponential decay of the bond�bond correlation func-
tion used for derivation of the eq 27b. As we showed in section
5.1, this assumption fails for polyelectrolyte chains for which
the bond�bond correlation function is a multiscale function.

6. SEMIDILUTE POLYELECTROLYTE SOLUTIONS

6.1. Solution Correlation Length and Scattering Function.
The important length scale above the overlap concentration, cp >
cp*, is the correlation length ξ—the average mesh size of the
semidilute polyelectrolyte solution.1,5,8 It separates two different
regimes in chain behavior. At the length scales smaller than the
solution correlation length, the conformations of the chain sections
with size smaller than the solution correlation length ξ are similar to
those in dilute polyelectrolyte solutions. At the length scales larger
than the solution correlation length the chain conformations are
those of the random walk of the correlation blobs.
In salt free-solutions a solution correlation length can be

estimated by optimizing the elastic and electrostatic parts of
the chain free energy by dividing a chain into sections each
containing gξ monomers and having size ξ

F
kBT

�
N
gξ

ξ2

bl0pgξ
+
lBf�2gξ2

ξ

 !
� N

1

bl0pcp
2ξ4

+ lBf�2cpξ2
 !

ð28Þ
In rewriting eq 28, we took into account that the correlation
blobs are space-filling, cp � gξ/ξ

3, and neglected logarithmic
correction to the electrostatic energy of a chain section within the
correlation blob (see for details refs 1, 5, and 8). Minimizing
eq 28 with respect to correlation blob size ξ, we obtain for the
correlation blob size

ξ � bðuf �2Þ�1=6ðl0p=bÞ�1=6ðcpb3Þ�1=2 � c�1=2
p ð29aÞ

and for the number of monomers per correlation blob

gξ � cpξ
3

� ðuf�2Þ�1=2ðl0p=bÞ�1=2ðcpb3Þ�1=2 � cp
�1=2 ð29bÞ

where u is the ratio of the Bjerrum length lB to bond length b, u =
lB/b. Comparing eqs 29a and 29b, one can conclude that the
number of monomers in correlation blobs scales linearly with the
blob size. Thus, chains are stretched on the length scales on the
order of the solution correlation length.
In salt-solutions we can use a scaling approach to estimate

correlation blob size dependence on the polymer and salt
concentrations. In the framework of the scaling approach it is
assumed that on the length scales on the order of the solution
correlation length ξ a chain section with gξ monomer has the
same conformation as a chain in dilute solutions at the same salt

Figure 15. (a) Chain form factor P(q) in dilute polyelectrolyte solu-
tions of chains with the degree of polymerization N = 300 at polymer
concentrations, cp = 10

�4σ�3 and salt concentrations: cs = 5� 10�5σ�3

(black line), cs = 5 � 10�4 σ�3 (red line), cs = 2.5 � 10�3 σ�3 (blue
line), and cs = 5� 10�3 σ�3 (green line). (b) Plot q2P(q) vs q for cs = 5�
10�5 σ�3 (black open circles), cs = 5 � 10�4 σ�3 (red open squares),
cs = 2.5� 10�3 σ�3 (blue open rhombs), and cs = 5� 10�3 σ�3 (green
open triangle). The lines are the best fit to eq 27b considering the value
of the chain persistence length lp as a fitting parameter.

Table 1

cp = 1 � 10 �4 σ�3

lp from G(l) lp from P(q) using eq 27b

cs = 5 � 10 �5 σ�3 115.3 σ 35.6 σ

cs = 5 � 10 �4 σ�3 36.8 σ 19.9 σ

cs = 2.5 � 10 �3 σ�3 18.4 σ 12.2 σ

cs = 5 � 10 �3 σ�3 11.1 σ 8.6 σ
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concentrations (see for details refs 1, 5, and 8). Taking this into
account, we can write the following expression for the solution
correlation length as a function of ionic strength

ξðIÞ � ξðI0Þ I
I0

� �1=4

ð30Þ

In low salt concentration regime (f *cp . 2cs) the solution
correlation length ξ ≈ ξ(I0) scales with polymer concentration
as ξ � cp

�1/2 (see eq 29a) and is proportional to the Debye
screening length. At high salt concentrations (f *cp , 2cs) the
concentration dependence of the solution correlation length is
similar to that in solution of neutral polymers, ξ � cp

�3/4.
Experimentally, solution correlation length is obtained from the
peak location in the scattering function S(q).65,66,69�73 As in the case
of the dilute solutions, the peak appears due to suppression of the
polymer density fluctuations at the length scales larger than the
solution correlation length by the osmotic compressibility of
the counterions and is manifestation of the electroneutrality condi-
tion (Donnan equilibrium) at these length scales. Below we used
location of the peak q* in the scattering function S(q) to determined
solution correlation length ξ = 2π/q*.8,65,66,69�72

Note that experimental studies of polyelectrolyte solutions at
low ionic strengths show an abrupt upturn in the scattering
intensity at small q values.71,74 This behavior was confirmed by
neutron and light scattering studies.71,74 Unfortunately, in our
simulations we have not been able to corroborate the upturn
observed in scattering experiments. Our systems are too small to
separate small q upturn from the finite size effect imposed by
periodic boundary conditions.
Figure 16 shows dependence of the system scattering function

on the salt concentration in semidilute solution regime. It follows
from this figure that with increasing the salt concentration the
peak position in the scattering function shifts toward smaller
values of the wavevectors. This confirms that the correlation
length of the solution increases and system moves closer to the
overlap concentration. At the same time the magnitude of the
plateau located at small q interval increases making the peak less
pronounced. Finally, at high salt concentrations the peak com-
pletely disappears. In this range of salt concentrations the
scattering function has a form characteristic of that for semidilute

solution of neutral polymers. The saturation of the scattering
intensity occurs at q ≈ 2π/ξ. Thus, we can use location of the
intersection describing the crossover between two different
scaling regimes in S(q) dependence on the magnitude of the
wavevector q for evaluation of the solution correlation length.
Figure 17 shows the dependence of the solution correlation

length on the ionic strength I. All lines converge to ξ � I�1/2 with
increasing the solution ionic strength, which represents a scaling
dependence of the solution correlation length in low salt concentra-
tion regime. In the inset to Figure 17 we test the scaling prediction
eq 30 by plotting the reduced solution correlation length as a function
of the reduced ionic strength. All data points have collapsed into one
universal plot. However, the scaling exponent corresponding to the
high salt concentration regime has a value slightly smaller than 1/4
anticipated from eq 30. We can attribute this difference to the finite
size effect. With increasing the salt concentration the system moves
closer to the overlap concentration, and for our chain degree of poly-
merizations we do not have a sufficient range of the salt concentra-
tions to observe a pure semidilute high salt concentration regime.
The change of the chain conformations on the length scales on

the order of the solution correlation length can be monitored by
plotting dependence of the correlation length ξ on the number of
monomers gξ within correlation length. In order to obtain gξ, we
used dependence of the square root of the mean-square value of
the end-to-end distance ÆRe2(n)æ1/2 of a section of a chain
consisting of n monomers. The results are shown in Figure 18.
At low salt concentrations and salt-free solution regime there is a
linear relationship between the solution correlation length ξ and
the number of monomers within the correlation length gξ. The
linear relationship between ξ � gξ confirms the scaling assump-
tion that the chain is stretched on the length scales smaller than
the solution correlation length (see eqs 29a and 29b). With
increasing salt concentration the number of monomers gξ within
correlation length increases. This increase is accompanied by the
change in power law dependence of ξ as a function of gξ. In this
salt concentration regime the data points approach a scaling law

Figure 16. Scattering function S(q) for fully charged polyelectrolyte
chain with the degree of polymerization N = 300 and chain bending
constant K = 0 at polymer concentration cp = 10

�2 σ�3 and different salt
concentrations.

Figure 17. Dependence of the correlation length ξ on the solution ionic
strength in semidilute polyelectrolyte solutions of chains with the degree of
polymerization N = 300 at polymer concentrations cp = 5.0 � 10�3 σ�3

(half-filled symbols, right), cp = 10�2 σ�3 (half-filled symbols, left), cp =
2.5 � 10�2 σ�3 (open symbols, cross), cp = 5.0 � 10�2 σ�3 (half-filled
symbols, top), and different values of the chain bending constants K = 0
(black circles),K=3 (green squares), andK=6 (blue rhombs). Inset shows
dependence of the reduced value of the correlation lengthξ(I)/ξ(I0) on the
ratio of ionic strengths I/I0.
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ξ � gξ
ν with exponent ν between 3/5 and 1/2 (see inset in

Figure 18). Unfortunately, the sections of a chain within correla-
tion length ξ are too short to distinguish between 3/5 and 1/2
exponents.
6.2. Chain Persistence Length. The chain persistence length

in semidilute solution regime was obtained from fitting a chain
bond�bond correlation function (see eq 12) by sum of two
exponentials (see eq 13) and using relation eq 18 between fitting
parameters and chainpersistence length.The results of this procedure
are summarized in Figure 19. At low salt concentrations, f*cp > 2cs,
when the screening of the electrostatic interactions is dominated by
counterions, the chain persistence length is proportional to the

solution correlation length, lp � ξ � cp
�1/2.1,5,75 In this salt concen-

tration interval the bending of the polyelectrolyte chain is caused by
repulsion from neighboring chains because the Debye screening
length due to free counterions and salt ions is larger than the solution
correlation length ξ. It is also important to point out that in this salt
concentration regime the sections of the chain are also contributing to
the screening of the electrostatic interactions setting up the electro-
static screening length to be on the order of the solution correlation
length. For detailed discussion of the screening effects in semidilute
polyelectrolyte solutions see refs 1 and 5. The deviation from the
linear relationship between persistence length and correlation length
occurs at high polymer concentrations when correlation length
becomes comparable with the bare chain persistence length of a
chain lp

0. This can be clearly seen in the inset in Figure 19which shows
data for polyelectrolyte chains with the bending constant K = 6.
At high salt concentrations, f*cp < 2cs, the chain persistence

length decreases with increasing solution correlation length ξ. In this
range of salt and polymer concentrations the persistence length is
inversely proportional to the square of the solution correlation length,
lp� ξ�2. Taking into account the scaling relation between correlation
length ξ and ionic strength I, ξ� I1/4(see eq 30), one can show that
the chain persistence length lp is inversely proportional to the square
root of the solution ionic strength I. Thus, in this high salt concen-
tration regime we see the same salt concentration dependence
of the chain persistence length as in dilute polyelectrolyte solutions
(see Figure 12). In Figure 20, we plot lp(I)/lp(I0) as a function of the
ratio of the solution ionic strengths. The data sets group into three
groups according to the values of the bare chain persistence length.
For systems with K = 0 and K = 3 the high salt data sets approach a
scaling law

lpðIÞ � lpðI0Þ I
I0

� ��1=2

ð31Þ

6.3. Chain Size Scaling. The scaling model of a polyelec-
trolyte chain in semidilute solutions is based on the assumption

Figure 18. Dependence of the correlation length ξ on the number of
monomers within the correlation length gξ in semidilute polyelectrolyte
solutions of chains with the degree of polymerizationN = 300 at polymer
concentrations cp = 5.0� 10�3σ�3 (half-filled symbols, right), cp = 10

�2

σ�3 (half-filled symbols, left), cp =2.5 � 10�2 σ�3 (open symbols,
cross), cp = 5.0 � 10�2 σ�3 (half-filled symbols, top), and different
values of the chain bending constants K = 0 (black circles), K = 3 (green
squares), and K = 6 (blue rhombs). Inset shows dependence of the
reduced value of the correlation length ξ(I)/ξ(I0) on the reduced
number of monomers within the correlation length gξ(I)/gξ(I0).

Figure 19. Dependence of the chain persistence length lp on correlation
length ξ in semidilute polyelectrolyte solutions of chains with the degree
of polymerization N = 300 at polymer concentrations cp = 5.0 � 10�3

σ�3 (half-filled symbols, right), cp = 10�2 σ�3 (half-filled symbols, left),
cp = 2.5 � 10�2 σ�3 (open symbols, cross), cp = 5.0 � 10�2 σ�3 (half-
filled symbols, top), and different values of the chain bending constants
K = 0 (black circles), K = 3 (green squares), and K = 6 (blue rhombs).

Figure 20. Dependence of the reduced chain persistence length lp(I)/
lp(I0) on the ratio of the solution ionic strengths I/I0 in semidilute
polyelectrolyte solutions of chains with the degree of polymerizationN =
300 at polymer concentrations cp = 5.0� 10�3 σ�3 (half-filled symbols,
right), cp = 10�2 σ�3 (half-filled symbols, left), cp =2.5 � 10�2 σ�3

(open symbols, cross), cp = 5.0 � 10�2 σ�3 (half-filled symbols, top),
and different values of the chain bending constants K = 0 (black circles),
K = 3 (green squares), and K = 6 (blue rhombs).
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of the existence of a single length scale—the correlation length
ξ.1,5,8 At the length scales larger than the solution correlation
length ξ, other chains and counterions screen electrostatic interac-
tions, and the statistics of the chain are those of a Gaussian chain
with the effective persistence length on the order of the correlation
length ξ. Thus, the polyelectrolyte chain is assumed to be flexible at
the length scales on the order of the correlation length ξ. According
to the scaling model, a chain in the semidilute polyelectrolyte
solution is a random walk of correlation blobs with size

R � ξ
N
gξ

 !1=2

ð32Þ

To test scaling hypothesis for the chain size dependence on the
number of correlation blobs per chain, the plot of the normalized
chain size (ÆRg2æ)1/2/ξ as a function of the number of correlation
blobs per chain N/gξ is shown in Figure 21. All points for chains at
different polymer and salt concentrations collapse onto one universal
line, with the slope 1/2 as expected for Gaussian chains with N/gξ
correlation blobs. There is a slight deviation from universal behavior
in the range of small number of the correlation blobs per chain.
Using expression for the chain size dependence on the number

of blobs per chain and solution correlation length ξ, we can
derive expression for the chain size as a function of the solution
ionic strength. For a mean-square value of the chain radius of
gyration we have

ÆRg
2ðIÞæ � ξðIÞ2 N

gξðIÞ � ÆRg
2ðI0ÞæξðI0ÞξðIÞ ð33Þ

In rewriting the last equation, we took into account that the
correlation blobs are space-filling and cp≈ gξ(I)/ξ(I)

3≈ gξ(I0)/
ξ(I0)

3. Using eq 30, we can express the ratio of the solution
correlation lengths in terms of the ratio of ionic strengths. This
results in the following expression for a mean-square value of the

chain radius of gyration

ÆRg
2ðIÞæ � ÆRg

2ðI0Þæ I
I0

� ��1=4

ð34Þ

In low salt concentration regime eq 33 reduces to ÆRg2æ �
N1/2cp

�1/2, while at high salt concentration limit the chain size scales
with polymer concentration as ÆRg2æ �N1/2cp

�1/4 recovering the
polymer concentration of the chain size in solutions of neutral
polymers.1,5 Figure 22 combines our simulation data for dependence
of themean-square value of the chain radius of gyration in semidilute
solution regime. As expected at low salt concentration limit the data
follow ÆRg2æ � I�1/2 scaling dependence while at high salt concen-
trations we see ÆRg2æ � I�1/4. To collapse all our simulation data into
one universal plot in the inset, we plot the ratio of the mean-square
value of the chain radius of gyration ÆRg2(I)æin salt solutions to
that in a salt-free solution as a function of the ratio of the solution
ionic strengths (see eq 34). Data collapse into one universal line with
slope �1/4, thus confirming eq 34.

7. SUMMARY

We performed molecular dynamics simulations of salt solu-
tions of polyelectrolyte chains with the degree of polymerization
N = 300. Polyelectrolyte chains were modeled by Lennard-Jones
particles connected by the finite extension nonlinear elastic
bonds. The mutual orientation of the neighboring along the
polymer backbone bonds wasmaintained by imposing an angular
potential. The counterions and salt ions were included explicitly
into our simulations.

Our simulations show that in salt-free solutions in polymer
concentration range cp g 10�4 σ�3 osmotic coefficient show a
plateau then increases with increasing polymer concentration. At
polymer concentrations cp larger than 5� 10 �2 σ�3 the value of
the osmotic coefficient exceeds unity, indicating that polymeric
and excluded volume effects begin to contribute to the system
pressure. For lower polymer concentrations we related the value

Figure 21. Dependence of the ratio of the square root of the mean-
square radius of gyration and correlation length ÆRg2æ1/2/ξ on the ratio
of the degree of polymerization N and the number of monomers within
the correlation length gξ in semidilute polyelectrolyte solutions of chains
with the degree of polymerization N = 300 at polymer concentrations
cp = 5.0� 10�3 σ�3 (half-filled symbols, right), cp = 10

�2 σ�3 (half-filled
symbols, left), cp = 2.5 � 10�2 σ�3 (open symbols, cross), cp = 5.0 �
10�2 σ�3 (half-filled symbols, top), and different values of the chain
bending constantsK = 0 (black circles),K = 3 (green squares), andK = 6
(blue rhombs).

Figure 22. Dependence of the mean-square radius of gyration ÆRg2æ on
the solution ionic strength in semidilute polyelectrolyte solutions of
chains with the degree of polymerization N = 300 at polymer concen-
trations cp = 5.0 � 10�3 σ�3 (half-filled symbols, right), cp = 10�2 σ�3

(half-filled symbols, left), cp = 2.5 � 10�2 σ�3 (open symbols, cross),
cp = 5.0� 10�2 σ�3 (half-filled symbols, top), and different values of the
chain bending constantsK = 0 (black circles),K = 3 (green squares), and
K = 6 (blue rhombs). Inset shows dependence of the reduced value
of mean-square radius of gyration ÆRg2(I)æ/ÆRg2(I0)æ on the ratio of the
solution ionic strengths I/I0.
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of the osmotic coefficient with the fraction of osmotically active
counterions. In the salt solutions the fraction of osmotically
active counterions was obtained from the difference between
system pressure P and ideal pressure of salt ions, 2kBTcs (see
eq 6). The fraction of osmotically active counterions f * shows a
weak dependence on the chain bending rigidity, K. It has a
smaller value for flexible chains with bending constant K = 0
and increases with increasing the chain’s bending rigidity (see
Figure 6). This is manifestation of the crumpling of a chain at
short length scales and higher linear charge density for chains
with K = 0 in comparison with that for more rigid chains.
Using fraction of osmotically active counterions f * obtained
from counterion contribution to the system pressure, we
defined ionic strength of the solution I (see eq 10) and verified
a general scaling relation between a quantityX(I) in salt solutions
and that in a salt-free solution X(I0). The results are summarized
in Table 2.

In dilute and semidilute solution regimes the electrostatic
interactions between charged monomers result in chain stiffen-
ing. Our analysis of the bond�bond correlation function shows
that chain persistence length lp is inversely proportional to the
square root of the solution ionic strength, lp � 1/

√
I. This

dependence of the chain persistence length is weaker than
predicted by the OSF model,53�55,60,61 lp

OSF� I�1, and observed
in computer simulations of the polyelectrolyte chains interacting via
screened Coulomb potential.60,62,63 We showed that the weaker
dependence of the chain persistence length on the solution ionic
strength can be explained by counterion condensation on the poly-
mer backbone. The square root dependence of the chain persistence
length on the solution ionic strength in dilute solution regime is in
agreement with a chain size R decrease with ionic strength as R �
I�1/5 (see Figure 13).

The correlation length ξ is an important length scale in
semidilute solution regime, which separates two different length
scales. At the length scales smaller than the solution correlation
length the chain statistics is the same as in a dilute solution while at
the length scales larger than the solution correlation length the
interactions between monomers are screened and chain behaves as a
Gaussian chain of correlation blobs. The value of the solution corre-
lation length was obtained from the peak position in the polymer
scattering function S(q). At low salt concentrations we observed the
exponent for the concentration dependence of the solution correla-
tion length to be close to cp

�1/2, in agreement with the scalingmodel
of semidilute polyelectrolyte solutions. In the high salt concentration
regime, f *cp < 2cs, our data confirm a general scaling relation ξ(I)≈
ξ(I0)(I/I0)

1/4 (see Figure 17). This dependence of the solution
correlation length is in agreement with the scaling of the chain
persistence length with ionic strength as lp � I�1/2. We have also
tested a scaling assumption that in salt-free solutions the chain
persistence length is proportional to the solution correlation length
(see Figure 19). This was further corroborated by the scaling of the
reduced chain size R/ξ on the number of correlation blobs per chain

N/gξ (see Figure 21). Thus, in salt-free solutions in semidilute
solution regime a polyelectrolyte chain can be considered as a
randomwalk of correlation blobs. Note that in this salt concentration
range the number of monomers within correlation length scales
linearly with its size. At high salt concentrations the chain size R
decreases with increasing the solution ionic strength as R � I�1/8

(see Figure 22). This scaling relation provides additional evidence for
inverse square root dependence of the chain persistence length on
the solution ionic strength, lp � I�1/2.

In our study of the effect of the salt on the polyelectrolyte
solution properties we only considered the effect of monovalent
ions. The behavior of polyelectrolytes in the presence of divalent
ions is qualitatively different from that in solutions of monovalent
salts.76�81 In the case of divalent ions the counterion condensa-
tion on the polymer backbone can lead to chain associations and
phase separation.78,79,81We are planning to consider these effects
in a separate publication.

’APPENDIX A. SIMULATION DETAILS

We performed molecular dynamics simulations of polyelec-
trolyte chains with explicit counterions and salt ions. Polyelec-
trolytes were modeled by chains of charged Lennard-Jones (LJ)
particles (beads) with diameter σ and degree of polymerization
N = 300. Each monomer on the polymer backbone was charged.
Counterions and salt ions were modeled as LJ particles (beads)
with diameter σ. The solvent was treated implicitly as a dielectric
medium with dielectric constant ε.

All particles in the system interacted through truncated-shifted
Lennard-Jones (LJ) potential:

ULJðrijÞ ¼ 4εLJ
σ

rij

 !12

� σ

rij

 !6

� σ

rcut

� �12

+
σ

rcut

� �6
2
4

3
5 r e rcut

0 r > rcut

8>>><
>>>:

ðA:1Þ
where rij is the distance between ith and jth beads and σ is the
bead diameter chosen to be the same regardless of the bead type.
The cutoff distance, rcut = 2.5σ, was set for polymer�polymer
interactions, and rcut = 21/6σ was selected for all other pairwise
interactions. The interaction parameter εLJ was equal to kBT
for polymer�ion and ion�ion interactions. The value of the
Lennard-Jones interaction parameter for the polymer�polymer
pairs was set to 0.3kBT, which is close to a theta solvent condition
for the polymer backbone. By selecting the strength of the
polymer�polymer interactions close to the θ-point, we mini-
mized the effect of the short-range interactions on polyelectro-
lyte solution properties.

The connectivity of monomers into polymer chains was
maintained by the finite extension nonlinear elastic (FENE)
potential:

UFENEðrÞ ¼ � 1
2
kspringRmax

2 ln 1� r2

Rmax
2

 !
ðA:2Þ

with the spring constant kspring = 30kBT/σ
2 and the maximum

bond length Rmax = 1.2σ. The repulsive part of the bond potential
was represented by the truncated-shifted LJ potentials with εLJ =
1.5kBT and rcut = 21/6σ.

The chain bending rigidity was introduced into the model
through a bending potential controlling the mutual orientations
between two neighboring along the polymer backbone unit bond

Table 2. Scaling Relations for Dilute and Semidilute Poly-
electrolyte Solutions

dilute solutions semidilute solutions

P(I) P(I0)I/I0 P(I0)I/I0
ÆRg2(I)æ ÆRg2(I0)æ(I/I0)�2/5 ÆRg2(I0)æ(I/I0)�1/4

ξ(I) ξ(I0)(I/I0)
1/4

lp(I) lp(I0)(I/I0)
�1/2 lp(I0)(I/I0)

�1/2
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vectors nBi and nBi+1

Ubend
i, i + 1 ¼ kBTKð1� ð nBi 3 nBi+1ÞÞ ðA:3Þ

The bending constant K was equal to 0, 3, and 6.
Interaction between any two charged particles with charge

valences qi and qj, and separated by a distance rij, was given by the
Coulomb potential

UCoulðrijÞ ¼ kBT
lBqiqj
rij

ðA:4Þ

where lB = e
2/εkBT is the Bjerrum length. In our simulations, the

value of the Bjerrum length lB was equal to 1.0σ. The particle�
particle particle�mesh (PPPM) method implemented in
LAMMPS82 with the sixth-order charge interpolation scheme
and estimated accuracy 10�5 was used for calculations of the
electrostatic interactions between all charges in the system.

Simulations were carried out in a constant number of particles,
volume, and temperature ensemble (NVT) with periodic bound-
ary conditions. The snapshot of the simulation box is shown in
Figure 23. The simulation box sizes, number of particles in
simulation box, and covered polymer and salt concentrations are
summarized in Table 3.

The simulations were performed at a constant temperature,
which was maintained by coupling the system to the Langevin
thermostat. The motion of beads was described by the following
equation

m
d vBiðtÞ
dt

¼ FBiðtÞ � ξ vBiðtÞ + FB
R

i ðtÞ ðA:5Þ

where m is the bead mass, vBi(t) is the bead velocity, and FBi(t)
denotes the net deterministic force acting on the ith bead. The
stochastic force FBi

R(t) has a zero average value ÆFBi
R(t)æ = 0 and

Figure 23. Snapshot of the simulation box containing fully charged
polyelectrolyte chains, counterions, and salt ions. The polyelectrolyte
chains are shown in blue, chain counterions are shown in red, and cyan
and orange colored beads represent negatively and positively charged
salt ions, respectively.

Table 3. List of Studied Systems

cp [σ
�3] cs [σ

�3] Lx [σ] Nch Ncion Nsalt Ntotal

0.0 0.00005 368.40 0 0 5000 5000

0.0005 171.00 0 0 5000 5000

0.0025 100.00 0 0 5000 5000

0.005 79.37 0 0 5000 5000

0.025 46.42 0 0 5000 5000

0.05 36.84 0 0 5000 5000

0.0001 0 493.24 40 12000 0 24000

0.00005 432.68 27 8100 8100 24300

0.0005 275.89 7 2100 21000 25200

0.0025 181.71 2 600 30000 31200

0.005 144.23 1 300 30000 30600

0.0005 0 288.45 40 12000 0 24000

0.00005 278.50 36 10800 2160 23760

0.0005 228.94 20 6000 12000 24000

0.0025 161.34 7 2100 21000 25200

0.005 133.89 4 1200 24000 26400

0.025 84.34 1 300 30000 30600

0.001 0 228.94 40 12000 0 24000

0.00005 225.06 38 11400 1140 23940

0.0005 200.83 27 8100 8100 24300

0.0025 148.88 11 3300 16500 23100

0.005 128.06 7 2100 21000 25200

0.025 84.34 2 600 30000 31200

0.05 66.94 1 300 30000 30600

0.005 0 133.89 40 12000 0 24000

0.00005 133.89 40 12000 240 24240

0.0005 129.27 36 10800 2160 23760

0.0025 117.45 27 8100 8100 24300

0.005 106.27 20 6000 12000 24000

0.025 74.89 7 2100 21000 25200

0.05 62.14 4 1200 24000 26400

0.01 0 106.27 40 12000 0 24000

0.00005 106.27 40 12000 120 24120

0.0005 104.46 38 11400 1140 23940

0.0025 106.27 40 12000 6000 30000

0.005 106.27 40 12000 12000 36000

0.025 106.27 40 12000 60000 84000

0.05 59.44 7 2100 21000 25200

0.025 0 78.30 40 12000 0 24000

0.00005 78.30 40 12000 48 24048

0.0005 77.64 39 11700 468 23868

0.0025 75.60 36 10800 2160 23760

0.005 73.43 33 9900 3960 23760

0.025 62.14 20 6000 12000 24000

0.05 0 62.14 40 12000 0 24000

0.00005 62.14 40 12000 24 24024

0.0005 62.14 40 12000 240 24240

0.0025 61.09 38 11400 1140 23940

0.005 60.00 36 10800 2160 23760

0.025 54.51 27 8100 8100 24300

0.05 49.32 20 6000 12000 24000

0.1 0 49.32 40 12000 0 24000

0.00005 49.32 40 12000 12 24012

0.0005 49.32 40 12000 120 24120

0.0025 48.91 39 11700 585 23985

0.005 48.49 38 11400 1140 23940

0.025 45.79 32 9600 4800 24000

0.05 43.27 27 8100 8100 24300
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δ-functional correlations ÆFBi
R(t)FBi

R(t0)æ = 6kBTξδ(t � t0). The
friction coefficient ξ was set to ξ = 0.143m/τLJ, where τLJ is the
standard LJ time τLJ = σ(m/kBT)

1/2. The velocity-
Verlet algorithm with a time step Δt = 0.01τLJ was used for
integration of the equations of motion eq A.5. All simulations
were performed using LAMMPS.82

Simulations were performed using the following procedure: at
the beginning of each simulation run polyelectrolyte chains in the
self-avoiding walk conformation, counterions and salt ions were
randomly distributed over the volume of the simulation box. This
followed by the equilibration step. The equilibration step con-
tinued until the mean-square value of the chain radius of gyration
averaged over all chains in the simulation box reached saturation.
This followed by a production run lasting 2 � 106 integration
steps. Figure 24 shows evolution of the mean-square average
value of the radius of gyration. At each time step the average was
calculated over all chains in a system. Note that the total duration
of the simulation runs was varied between 4 � 106 and 8 � 106

integration steps, depending on how long it took for the system
to reach equilibrium.

Let us relate the parameters used in our coarse-grained MD
simulations of polyelectrolyte solutions with charged polymeric
systems. In the bead�spring representation of a polymer chain,
each bead represents several chemical units. For example, if we
assume that the value of the Bjerrum length, lB = 1σ, used in our
simulations is equal to the Bjerrum length in water at room
temperature (T = 298 K), lB = 0.714 nm, the monomer size is
equal to 0.714 nm. This corresponds approximately to 2.9
monomers of sodium poly(styrenesulfonate) with monomer
size 0.25 nm and leads to a polymer chain with the degree of
polymerization on the order of 870 monomers. The polymer
concentrations in our simulations correspond to polyelectrolyte
solutions with polymer concentrations 4.6� 10�4e cpe 4.6�
10�1 M. The salt concentrations used in our simulations
correspond to salt concentrations of NaCl within the range 2.3
� 10�4 e cs e 2.3 � 10�1 M.

’APPENDIX B. CALCULATIONS OF THE SCATTERING
FUNCTION

Scattering function S(qB) provides information about confor-
mations of polyelectrolyte chains and structural properties of the

solution. It is defined as

Sð qBÞ ¼ 1
Nm

Æ∑
Nm

k, j
expðið qB 3 ð rBk � rBjÞÞÞæ ðB:1Þ

The summation in eq B.1 is taken over all pairs of monomers
Nm = NchN in a system, rBk is the radius vector of the kth
monomer, and brackets Æ...æ denote the ensemble average. In
performing calculations of the eq B.1, it is useful to introduce a
Fourier transform of the monomer density in a given system
configuration

Fð qBÞ ¼ ∑
Nm

k¼ 1
expðið qB 3 rBkÞÞ ðB:2Þ

In terms of the F(qB) the scattering function can be rewritten as

Sð qBÞ ¼ 1
Nm

ÆFð qBÞFð� qBÞæ ðB:3Þ

Thus, calculation of the scattering function is reduced to
calculation of the F(qB) in a given system configuration. The
FFT is an efficient method in calculating of the Fourier trans-
form of the special distributed function. To apply an FFT
method to our system, we represented the actual monomer
distribution by distribution over Ng = L/Δ grid points. The
number of the grid points was varied between 128 and 256
depending on the system sizes. The distance between the grid
points was selected from the interval b/2e Δ < b to satisfy the
condition that the number of the grid points was a power of 2.
We used a linear interpolation scheme to smear a monomer
between neighboring grid points. In this representation the
function F(qB) was transformed to

Fð qBÞ ¼ Fðl,m, nÞ

¼ ∑
Ng � 1

s, j, h¼ 0
exp i

2π
Ng

ðls +mj + nhÞ
 !

nðs, j, hÞ ðB:4Þ

where n(s,j,h) is a number of monomers in a grid point with
coordinates s, j, and h. Note that wavevector qB has coordinates
qx = 2πl/L, qy = 2πm/L, qz = 2πn/L, and q = (qx

2 + qy
2 + qz

2)1/2.
The FFT method was used to calculate the complex function
F(l,m,n). Knowing function F(l,m,n), we have calculated the
scattering function in grid points

Sðl,m, nÞ ¼ 1
Nm

ÆðRe Fðl,m, nÞÞ2 + ðIm Fðl,m, nÞÞ2æ ðB:5Þ

where Re F(l,m,n) and Im F(l,m,n) are real and imaginary parts
of the complex number F(l,m,n). Figure 25 shows results of the
3-D FFT of the polyelectrolyte system.

For isotropic systems one can use a 1-D FFT by pointing
vector qB along x-axis, q = qx. Taking this into account we can
simplify eq B.4

FðqÞ ¼ Fðq, 0, 0Þ ¼ Fðl, 0, 0Þ

¼ ∑
Ng � 1

s¼ 0
exp i

2πls
Ng

 !
nðsÞ ðB:6Þ

where n(s) represents a one-dimensional monomer distribution
over the grid points along the x-axis. It is obtained by sorting
monomers only according to their x-coordinates. Note that it can

Figure 24. Evolution of the mean-square value of the radius of gyration
during simulation run in salt-free solution of fully charged polyelec-
trolyte chains with the degree of polymerizationN = 300, chain bending
constant K = 0, at polymer concentration cp =1 � 10�4 σ�3.
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also be obtained from a 3-D monomer distribution function
n(s,j,k) by performing summations over indexes j and k. To
improve accuracy, it is useful to perform FFT calculations for x, y,
and z directions and average the final result for S(q).

In Figure 26 we combined results for S(q) obtained from 3-D
FFT and 1-D FFT calculations. The results are close. However, it
is important to point out that in the range of large q (q � 2π/b)
the FFT-based methods introduce errors due to finite grid size.
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